Recently, much research has been dedicated to understanding topological superconductivity and Majorana zero modes induced by a magnetic field in hybrid proximity structures. This paper proposes a realization of topological superconductivity in a Josephson junction at an edge of a 2D topological insulator subject to a perpendicular magnetic field. The magnetic field effect is entirely orbital, coming from a gradient of the order parameter phase at the edge, which results in a soliton defect at the junction with a pair of gapless Andreev bound states. The latter are reducible to Majorana zero modes by a unitary rotation and protected by a chiral symmetry. Furthermore, both ground state and excitations are quasiperiodic in the magnetic flux enclosed in the junction, with the period equal to the double flux quantum 2Φ0 = h/e. This behavior follows from the gauge invariance of the 4π -phase periodicity of the Majorana states and manifests itself as 2Φ0 -spaced magnetic oscillations of the critical current. Another proposed observable is a persistent current occurring in the absence of an external phase bias. Beside the oscillations, it shows a sign reversal prompted by the Majorana zero modes. These findings offer the possibility to access topological superconductivity through low-field dc magnetotransport measurements.
I. INTRODUCTION
Topological superconductors host zero-energy excitations at the boundary or on topological defects that are otherwise prohibited by the bulk pairing gap. Depending on the system, such topological excitations come as Majorana edge or end states, zero modes in the vortex core or gapless Andreev levels in superconducting junctions [1] [2] [3] [4] [5] [6] . A suitable platform to realize topological superconductivity (TS) is the hybrid structures combining conventional superconductors with topological insulators [7] [8] [9] or semiconductor nanostructures [10] [11] [12] [13] . Such structures are accessible experimentally, allowing one to test the theoretical predictions in electrical transport measurements [14] [15] [16] [17] [18] [19] [20] .
Particular attention has been paid to the role of the Zeeman effect in achieving TS with zero-energy Majorana states. On the other hand, it has been noticed that gapless Majorana fermions can emerge also from the Landau quantization of the orbital motion in a strong magnetic field 21 . Next, one may inquire whether a classical (nonquantizing) magnetic field would be able to induce TS by acting solely on the orbital motion. That could grant access to hitherto unexplored regimes of TS, requiring neither large values of the g-factor nor strong magnetic fields and avoiding the suppression of the proximity-induced gap [22] [23] [24] [25] .
This paper demonstrates such a possibility in a hybrid setup realizing a superconducting junction at an edge of a 2D topological insulator (2DTI). We will see that an external magnetic field (applied perpendicularly to the 2DTI plane) induces a topological defect at the junction akin to the soliton in the Jackiw-Rebbi model 26 . It hosts a pair of Andreev bound states (ABSs) that, up to a unitary rotation, coincide with Majorana zero modes (MZMs):
Here, Ψ ABS (x, t) and Ψ M ZM (x) are the corresponding spinors, and U (t) is the time-dependent rotation matrix
It is diagonal in the basis of the chirality operator 26 , with E ± (Φ, φ) being the ABS levels
Above, φ is an external phase bias, Φ is a magnetic flux through an effective junction area, ϑ 1 and ϑ 2 are intrinsic magnetic-field-induced phases, the former of which, ϑ 1 , is related to the topological soliton (further details are given below). The main findings are as follows: i) In a perpendicular magnetic field, the opposite-chirality ABS levels cross at zero energy, realizing a pair of the MZMs in the absence of the external phase bias (for φ = 0, see also Fig. 1) , ii) the level crossing is accompanied by magnetic oscillations with the single-electron flux spacing 2Φ 0 = h/e, and iii) these spectral features of the induced TS are observable in the equilibrium dc Josephson transport.
We note that the 2Φ 0 -spaced oscillations in the magnetic flux translate into a 4π periodicity in the Josephson phase difference. The 4π -periodic Josephson effect has been put forward as a signature of MZMs in model p-wave superconductors 1, 27 , which has caused a surge of interest in the related phenomena in the hybrid structures, both in theory (see, e.g., Refs. [28] [29] [30] [31] [32] [33] [34] [35] and in experiment 15, 18, 36 . Most of the research on the 4π Josephson effect has been dealing with the dynamics of superconducting junctions under external driving. This paper suggests a different approach based on the action of the perpendicular magnetic field on the superconducting edge states. It is essential that in real space the edge states are two-dimensional, spreading exponentially into the 2DTI bulk. This enables a nonlocal proximityinduced pairing that is sensitive to the magnetic flux Φ within the effective area of the edge junction. The nonlocal pairing provides a (small) contribution to the ABS levels which, by gauge invariance, depends on the phase difference φ + 2πΦ/Φ 0 [see the second term in Eq. (3)]. Thus, the gauge invariance makes the topological 4π periodicity observable through the 2Φ 0 magnetic oscillations in the nonlocal channel. The following sections explain the details of the calculations and provide an extended discussion of the results.
II. SUPERCONDUCTING EDGE JUNCTION IN A PERPENDICULAR MAGNETIC FIELD: MODEL
We consider a junction between two conventional superconductors placed on one of the edges of a 2DTI, as sketched in Fig. 2 . The superconductors cover completely a half of the 2DTI width, w, without contacting the other edge. The proximitized regions play the role of the superconducting leads, each described by the Bogoliubov-de Gennes (BdG) Hamiltonian (see also the supplemental material): 
. (4) Here, υ is the edge-state velocity, p x = −i ∂ x is the momentum operator, s z is the spin Pauli matrix, and (5) is the effective edge pair potential. It is obtained by averaging the 2D proximity-induced pair potential, ∆ 2D (x, y), over the edge-state profile described by the transverse wave function
where κ ± are the decay constants depending on the band structure parameters A, B, and M . The edge states exist for the inverted band structure 37 when
In Eq. (5), the integration limits are determined by the minima of the edge-state wave function, one at the boundary and another one in the middle of the 2DTI 38 . The 2DTI half-width w is thus an effective width of the junction.
The effect of a weak (nonquantizing) perpendicular magnetic field can be accounted for by a local phase ϕ(x, y) of the proximity-induced pair potential [22] [23] [24] [25] 39, 40 :
where ∆ 0 is a real constant. The magnetic field generates a phase gradient, ±k S , in the transverse (y) direction, with the opposite signs in the right and left
The dependence of ϑ1 (12) on the superconducting phase gradient k S , indicating a soliton defect at the junction; κ−/κ+ = 0. 25. leads. The phase is counted from its value at the edge which is ϕ 0 (φ 0 ) on the right (left). The relation between k S and the magnetic field can be obtained from gauge-invariant Stokes' formula ∇ϕ · dl = 2πΦ S /Φ 0 , where the integration path runs along the boundary of a superconductor, closing through its interior such that there ∇ϕ = 0 (dashed path in Fig. 2) . Then, the phase gradient at the boundary is proportional to the magnetic flux through the enclosed area in the superconductor: k S = 2πΦ S /(wΦ 0 ). The total flux in the junction, Φ = 2Φ S + Φ N , includes the contributions of the leads and that of the normal region between them, Φ N . However, for lateral proximity structures it is very common that Φ N ≪ Φ S (see, e.g., Refs. 24,25,41). Hence,
From Eqs. (5) - (8), we find the effective edge pair potential (e.g., in the right lead):
where
In Eq. (10), the first term is the local pairing, with both electrons being at the edge y = 0, while the second term accounts for nonlocal pairs, with one electron at the edge and the other at a distance of order of w (see also Fig.  2 ). The remote electron picks up a phase k S w related to the magnetic flux in the junction. Above, the 2DTI half-width w is assumed large compared to the edge-state width, so it suffices to keep only the exponential factor e −κ−w with the smallest decay constant κ − in the nonlocal pairing amplitude ∆ 2 [see Eq. (13)]. Finally, the phases ϑ 1 and ϑ 2 in Eq. (10) originate from the spatial oscillations of the order parameter on the scale of the edge-state width. Apart from the broken time reversal, the generation of the intrinsic phases ϑ 1 , ϑ 2 , and k S w requires an inversion asymmetry under y → −y, which is encoded in the edge wave function (6) .
Noteworthy is the behavior of ϑ 1 [see Fig. 3 and Eq. (12)]. It takes the universal values ±π/2 as the phase gradient k S reaches ± √ κ + κ − , implying a π phase drop across the junction in the absence of any external phase bias. For any k S , there is a phase twist ϑ 1 sgn(x) across the junction, which is trully topological because it occurs only for the inverted band structure. The normal band ordering (M/B > 0) would give an imaginary √ κ + κ − , invalidating the model. In the following, we use the BdG Hamiltonian (4) in the basis of the Nambu-Pauli matrices τ 1 , τ 2 , and τ 3 :
where ∆ Re (x) and ∆ Im (x) are the shorthand notations for the real and imaginary parts of the junction pair potential
and φ = ϕ 0 −φ 0 is the external phase bias [the average phase (ϕ 0 +φ 0 )/2 and the chemical potential have both been gauged out]; s is the eigenvalue of s z .
III. EMERGENT SOLITON, MAJORANA ZERO MODES AND RELATION TO ANDREEV BOUND STATES
Next, we turn to the fermionic excitations in a short junction described by the BdG equation i ∂ t Ψ(x, t) = H(x)Ψ(x, t). It is instructive to map the problem to the Jackiw-Rebbi model 26 . In view of the symmetry H * (−x) = H(x), it suffices to consider x > 0, where the pair potential ∆ is a constant given by Eq. (16) .
A unitary transformation
brings the BdG Hamiltonian to the form
Albeit time dependent, it shares two essential features of the Jackiw-Rebbi model: It has the chiral symmetry
, and the imaginary part of the pair potential ∆ Im (odd in the full space) acts as a soliton defect. An eigenstate of the chirality operator τ 1 satisfies the equation H ′ (x, t)Ψ ′ (x, t) = 0 or, explicitly, ( υ∂ x − sτ ∆ Im )Ψ ′ (x, t) = 0, where τ = ±1 is the eigenvalue of τ 1 . The solution is an MZM of the form Ψ ′ (x) ∝ e −kx , where the inverse decay length is given by k = −sτ ∆ Im /( υ), yielding a normalizable MZM with the spin projection
The full MZM spinor is (20) where ⊗ means the direct product of the Nambu and spin matrices, C is the normalization constant, and
Unlike the Jackiw-Rebbi model, the 2DTI supports an MZM for each value of τ = ±1. Nevertheless, the generic chiral symmetry of the BdG Hamiltonian (18) prevents the mixing of the MZMs, enabling access to their specific properties associated with the non-Abelian statistics 1, 28 . Consider a phase translation φ → φ+ 2π. It flips the sign of the decay constant k, so the state Ψ M ZM τ (0) switches to the opposite side of the region with the pairing gap ∆, and another phase advance of 2π is needed to bring this state back 1, 28 . As seen from Eqs. (20) and (21), the MZMs are indeed 4π -periodic in the Josephson phase difference φ and, by gauge invariance, 2Φ 0 -quasiperiodic in the magnetic flux Φ enclosed in the junction.
In the chosen representation (17) , the ABS spinors are obtained by a unitary time-dependent rotation U (t) of the MZM spinors and are the eigenstates of the chirality as well. The spectrum of U (t) in the chirality basis yields the ABS levels E τ (Φ, φ) = τ ∆ Re (Φ, φ) [cf. Eqs. (2) and (3)]. For a zero magnetic field B, the ABS levels E ± (0, φ) (3) oscillate with the Josephson phase difference φ, crossing periodically in the middle of the gap. A similar behavior would be expected for any gapless ABSs. It can be observed in a SQUID setup where the Josephson junction is inserted into a superconducting ring with a magnetic flux Φ ring inducing the phase drop φ = 2π(Φ ring /Φ 0 ) across the junction.
The orbital magnetic-field effect discussed in this paper offers a conceptually different possibility to control the ABSs. It does not require any external phase bias, as even for φ = 0 there is a soliton defect from the topological phase twist ϑ 1 sgn(x) which binds the fermions at the junction. Instead of the ring flux Φ ring , the magnetic flux enclosed in the junction, Φ, drives the midgap level crossing protected by the chiral symmetry of the BdG Hamiltonian (see also Fig. 1 ). The MZMs at the level crossing and the 2Φ 0 magnetic oscillations are the hallmarks of the magnetic-field-induced TS.
IV. EQUILIBRIUM DC JOSEPHSON TRANSPORT
This section addresses the observability of the magnetic-field-induced TS in equilibrium dc Josephson transport.
We begin by calculating the Josephson current-phase relationship 42 :
, where n(E + ) is the occupation of the ABS level E + [see Eq. (3)]. At zero temperature and in equilibrium, n(E + ) = [1 − sgn(E + )]/2. Hence, J(φ) = −(e/ )(∂E + /∂φ)sgn(E + ) and, finally,
The subscripts 1 and 2 correspond to the local and nonlocal transport channels, reflecting the structure of the pair potential [cf. Eqs. (10) - (16)]. We note that the switching of the level occupation upon the phase advance φ → φ + 2π makes the current-phase relationship 2π periodic. However, the induced TS can still be identified through the 2Φ 0 -spaced magnetic oscillations in the flux Φ. This becomes possible because the flux modulation of the nonlocal contribution does not alter the level occupation which is fixed by the total ABS energy. A suitable observable is the critical current J c (Φ) defined as the maximum value of J(Φ, φ) in the phase interval 0 ≤ φ ≤ 2π for given flux value Φ. From Eq. (22) we readily find
where ϑ 2 − ϑ 1 + πΦ/Φ 0 is the relative phase difference between the nonlocal and local transport channels. The critical current (23) visible if the 2DTI thickness is not too large compared to the edge-state width.
Another manifestation of the magnetic-field-induced TS is the persistence of the dissipationless electric current (22) after the external phase bias is switched off. Using the notation J p (Φ) = J(Φ, 0) for the persistent current, we have
Beside the 2Φ 0 oscillations, the persistent current (24) allows the detection of the ABS level crossing and the MZMs. Figure 5 shows that the function J p (Φ) reverses the sign, which occurs at the same field as the level crossing (cf. the plots for W = 4 in Figs. 1 and 5 ). Furthermore, an abrupt reversal of J p (Φ) is a signature of the linear field dependence of the levels at the crossing point. The fact that the persistent current goes through zero in a finite magnetic field indicates the electrically neutral MZMs. 
V. ESTIMATES AND DISCUSSION
In conclusion, let us estimate the magnetic field needed to localize the MZMs and discuss possible experimental setups to measure the currents (23) and (24) . The characteristic magnetic field B M ZM corresponds to a π phase drop at the junction, which holds under condition k S ≈ (κ + κ − ) 1/2 , where k S = πB M ZM a/(wΦ 0 ) is proportional to the effective area of the junction, a [cf. Eq. (9)]. For lateral proximity structures (see, e.g., Refs. 24, 25, 41) , the area a = Lw scales with the length, L, of the superconductors placed on top of the normal system. Therefore, the characteristic magnetic field is given by
where L(κ + κ − ) −1/2 is the effective area occupied by the edge state in the junction. In other words, B M ZM is the field one needs to apply in order to insert a flux quantum into the edge-state area. For the typical band-structure parameters of inverted HgTe quantum wells (M ≈ −10 meV and B ≈ 1000 meV·nm), the edge-state spreading is (κ + κ − ) −1/2 ≈ 10 nm [cf. Eq. (7)]. The junction length L, however, is of order of a micron. For L = 1µm we find
Although the effective junction length L may be somewhat smaller, the typical numbers for B M ZM still make up a small fraction of the Tesla. Therefore, both features of the magnetic-field-induced TS, viz. the MZMs and the 2Φ 0 -quasiperiodic oscillations, are expected to occur in the same field range as the classical magnetotransport.
As to the experimental realization, the calculation of the critical current (23) assumes standard two-terminal measurements in which J c (Φ) is inferred from the I − V characteristics of a current-biased junction. The measurement of the persistent current (24) is more challenging, as it requires a ring geometry permitting a circular flow of the superconducting condensate. One possibility is to determine J p (Φ) from the current-phase relationship measured by means of the rf SQUID magnetometry.
